Abstract-This paper presents a novel mixed-integer secondorder cone programming model for the robust multi-stage substation expansion planning problem considering stochastic demand. The stochastic nature of the demands is considered through a robust model that uses chance constraints to guarantee that the substation capacity limits are satisfied within a given robustness probability. Furthermore, a multi-objective formulation that takes into account the total expected expansion planning cost and the robustness probability related to the violation of the substation capacity limits is proposed. The optimal solution of the proposed model is guaranteed by the convexity of the formulation, when classical optimization techniques are used in its solution. The results found (construction of new substations, reinforcement of existing substations, and service area of each substation) for two test systems demonstrate the efficiency and robustness of the proposed model. Additionally, Monte Carlo simulations were carried out in order to evaluate the extent to which the solutions found were able to satisfy the substation capacity limits.
Nominal voltage magnitude.
Impedance of circuit type .
Variables:
Binary variable for the construction of a circuit between substation at node and load center at node , using circuit type in stage . Binary variable for the operation of a circuit between substation at node and load center at node , using circuit type in stage . Binary variable for the reinforcement of a substation at node from type to in stage . Binary variable for the construction of substation type at node in stage . Binary variable for the operation of substation type at node in stage . FC Fixed cost.
VC
Variable cost.
EENS
Expected energy not supplied cost.
Expected generated power of the substation type at node in stage at load level . Stochastic generated power of the substation type at node in stage at load level . Auxiliary variable that represents the difference between the substation capacity and the generated power of substation type at node in stage . Auxiliary variable used in the chance substation capacity constraint of substation at node in stage .
I. INTRODUCTION
T HE electrical distribution system expansion planning problem consists of determining the optimal expansion plan for the equipment of the distribution system in order to supply the future load, while satisfying operational conditions. In this context, the data related to the distribution system is usually represented by the system data at the base year, the load data for the planning horizon, the geographical points at which new substations can be built or existing substations can be reinforced, the existing feeders and the paths to build new feeders, the types of circuits that can be built, and in detailed cases, the types of shunt capacitors and voltage regulators that can be installed in the system [1] .
The possibility of installing several types of device with very diverse characteristics makes the electrical distribution system expansion planning problem highly complex and difficult to solve. This kind of problem is hard to solve because the planning decisions related to the substations are represented by binary variables, and each feeder type is represented using binary variables. This forms a mathematical model of a combinatorial nature, which is known as an NP-hard problem. To date, there have been two kinds of approaches to electrical energy distribution system planning: 1) planning that prioritizes the allocation of substations in the distribution system and represents the rest of the problem in an approximate form (this type of approach is known in the specialized literature as the siting, sizing, and timing of distribution substations), and 2) planning that considers the siting of substations and other expansion alternatives simultaneously. The reasons for approaching the problem by allocating substations in the first phase and considering other alternatives in the second phase are the following: 1) the distribution system expansion planning problem is too complex to be treated in an integrated manner in practical applications; 2) the costs corresponding to the allocation of substations are too high compared to the costs related to other expansion alternatives, such as the cost of feeders, capacitor banks, and voltage regulators; and 3) there are conflicting opinions as to whether the allocation of substations should be considered along with transmission system expansion, treated independently, or integrated with other distribution system expansion alternatives [2] .
There are two types of electrical distribution system (EDS) expansion planning: static and multi-stage (or dynamic). In static planning, the planning is aimed at accommodating the projected demand at the end of the planning period. Multi-stage planning defines not only the ideal location, investment type, and capacity of the investments, but also the most appropriate time to make such investments. In this way, the continuous growth of the demand is always absorbed by the EDS in an optimal way. Due to the coupling between the various stages, it is much more difficult to formulate and solve the multi-stage planning problem. An approximated method (pseudo-dynamic approach) for multi-stage planning is to solve a sequence of static planning problems; the solution of the static planning in one stage will comprise the base data for the solution of the static planning in the next stage.
This work addresses the optimal expansion planning of substations, i.e., the siting, sizing, and timing of distribution substations, and, as such, the rest of the distribution system is represented approximately. However, the proposed method also considers multi-stage planning and the stochastic modeling of demand. In this problem, the data are represented by the future demands in each geographical zone and the points at which substations can be allocated. Additionally, it is assumed that the distances between each load center and substation candidate point are known. Furthermore, the characteristics of the circuit types are given, and the connections between load centers and substations are considered to be direct. Therefore, the solution will naturally be radial.
In the specialized literature, there are many works that address the problem of the substation expansion planning (SEP) problem in distribution systems. In [3] , the SEP problem is solved using a branch-exchange algorithm, which has been used to solve several optimization problems in distribution systems. Branch-exchange can occur when two close substations exchange two load points, or when a load is transferred from one substation to the other. In this process, once a set of substations is chosen, a feasible solution must be found by connecting each load center to the nearest substation.
In [4] , a heuristic combination optimization algorithm is used to solve the SEP problem. However, the most important aspect of this approach is that there are no points predetermined for the allocation of the substations. Rather, any position that acts as a load center is also a candidate for substation allocation. This type of approach increases the complexity of the formulation.
The method presented in [5] applies a traditional genetic algorithm to solve the SEP problem. In this case, the authors use two crossover and four different mutation operators. Additionally, the objective function takes a complex form in which the costs related to the connection of the high voltage transmission system are considered.
A very interesting mathematical model for the SEP problem is proposed in [6] . The authors present a mixed integer linear programming model for the multi-stage SEP problem in which the linear formulation is developed using efficient transformations over a nonlinear formulation. Therefore, the fundamental contribution of this work is the formulation of the linear model. The authors solve the mixed integer linear programming model using a commercial solver.
A mixed integer nonlinear programming model for the multi-stage SEP is developed in [7] . In this work, the authors use a commercial solver to solve the nonlinear mathematical model for the small-scale system presented in [6] . Furthermore, it must be noted that the mathematical model corresponds to the static planning problem, and so the authors apply a pseudo-dynamic strategy to solve the multi-stage planning problem. The authors of [7] discuss the differences between the planning problems considering the allocation of substations or construction of feeders (subsystem techniques) and the strategies for the jointly planning substations and feeders (total system techniques).
A genetic algorithm to solve the multi-stage SEP is presented in [8] . The authors distinguish between short-term and longterm planning, identifying the optimal location and sizing of substations as a long-term planning problem. The uncertainties of the loads are taken into account using a fuzzy logic-based model. The authors use a genetic algorithm to solve the problem according to a pseudo-dynamic strategy.
A detailed mathematical formulation for the optimal multi-stage allocation of substations is presented in [9] and includes distribution generation as an alternative to the expansion of the distribution system. The resulting model is a mixed integer nonlinear programming formulation that can be solved using a commercial solver. In [10] , the same authors of the aforementioned work present a mathematical formulation that is then transformed into a mixed integer linear programming model. Other important theoretical and practical contributions to the optimal allocation of substations can be found in [11] - [13] . A hybrid heuristic and learning automata-based algorithm for expansion planning of substations was presented in [14] . Finally, this kind of approach has been used in recent publications such as [15] - [17] to solve the problem with specialized evolutionary algorithms. References [15] and [16] use an imperialist competitive algorithm for the optimal sizing, siting, and timing of substations in static and multi-stage planning. In [17] , an enhanced evolutionary algorithm is used to solve the expansion planning for large-size distribution systems.
As previously mentioned, there is another way to carry out the expansion planning of the substations in distribution systems, which integrates the location of the substations and the selection of the feeders. In [18] and [19] , mixed integer linear programming formulations for the multi-stage planning are presented and solved using commercial solvers. In [20] , a strategy is used to separate the problem into feeder areas, employing a genetic algorithm to allocate the feeders. A constructive heuristic algorithm is proposed in [21] to solve the integrated planning of distribution systems, while in [22] , a mixed integer linear programming formulation for the multi-stage planning of distribution systems considering reliability is developed. In [23] , a direct solution technique to solve the distribution system expansion planning is proposed.
In order to plan the expansion of the distribution system, future demand must be estimated. Usually, demand values are considered as deterministic values [4] - [7] . However, the stochastic behavior of future loads can lead to unfeasible expansion plans if the actual loads surpass the estimated values. Therefore, it is important to model the stochastic nature of the demand.
A novel mixed-integer second-order conic programming model for the robust multi-stage substation expansion planning problem considering stochastic demand is proposed in this paper. The expansion alternatives are the construction of new substations and the reinforcement of existing substations. Additionally, the proposed formulation determines the service area of the substations, selecting an appropriate circuit type with which to connect each load center to its corresponding substation. The multi-stage representation allows the distribution system operator to divide the investments in the substations into several stages along a planning horizon, which can lead to better solutions than with static planning. Additionally, the robust formulation considers the effect of stochastic loads on the capacity limits of the substations. Chance constraints are developed in order to guarantee that the substation capacity limit is satisfied within a given robustness probability. The optimal solution of the model is found using commercial MILP solvers that guarantee the optimal solution for second-order cone programming models. Results found for two tests systems demonstrate the efficiency and the robustness of the proposed mathematical formulation. Furthermore, Monte Carlo simulations were carried out in order to evaluate the performance of the solutions found with respect to the satisfaction of the substation capacity limits.
The main contributions of this paper are:
• a novel mixed-integer second-order cone programming model for the robust multi-stage substation expansion planning problem, which guarantees the optimal solution of the problem and can be solved efficiently using commercial solvers; • a robust formulation for the substation expansion planning problem that considers stochastic demands; • a multi-objective representation of the substation expansion planning problem in which the total expansion planning cost and the robustness probability are conflicting objectives. The remainder of this paper is organized as follows. The substation expansion planning problem and the proposed mixed-integer second order conic programming model for its solution are presented in Section II. Section III presents the Tests and Results, while Section IV outlines the main conclusions.
II. SUBSTATION EXPANSION PLANNING PROBLEM
IN ELECTRICAL DISTRIBUTION SYSTEMS The optimal substation expansion planning problem determines the construction of new substations and the reinforcement of existing substations in order to meet growth in demand. The solution for the SEP problem defines the service area of the substations, making it possible to determine the optimal paths to satisfy demand and to consider operational constraints, such as the capacities of substations, voltage limits, and the maximum currents in feeders.
In this work, the SEP problem is modeled as a multi-stage investment decision, determining the most appropriate time to execute each investment. The following assumptions are made in order to formulate a mathematical model for the SEP problem:
• The loads are distributed geographically and concentrated at points called load centers.
• The load centers are connected directly to the substations.
• The loads are represented by their apparent power.
• The substations can be built/reinforced using a set of substation types. The construction/reinforcement costs are known and take into account the cost of connecting the substation to the subtransmission system, as well as maintenance and operation costs.
• A set of circuit types is available to construct circuits that connect the load centers to the substations. The construction cost for each type includes the maintenance of the circuit.
• The demands at the load centers are stochastic parameters that follow a normal probability distribution.
• The expansion plan must satisfy the capacity limits of the substations, the voltage limits, and the current capacities of the feeders.
• The variation of the demands is represented through load levels.
• The planning horizon is divided into different stages at which the expansion planning decisions can be executed. As discussed in [6] , in order to get a set of suitable candidate locations for new substations, besides electrical considerations, the selection need to takes into account the expansion plan of the city, as well as environmental constraints. Based on this information, "all possible site locations are investigated and classified into unsuitable, candidate, and future evaluation sites" by the distribution system planner [6] .
A. Mixed-Integer Second Order Conic Programming Model for the Robust Multi-Stage Substation Expansion Planning Problem Considering Stochastic Demand
The robust multi-stage substation expansion planning problem can be modeled as a mixed-integer second-order cone programming model using (1)- (19) . The second-order cone programming (SOCP) problem is a type of non-linear convex optimization problem wherein the objective is a convex function and the constraints define a convex set. SOCP is useful in a wide variety of application areas, including engineering and financial management. Several efficient methods for SOCP have been developed in the last few years. The SOCP problem can be used to represent several common convex programming problems. In effect, linear programming problems, convex problems containing hyperbolic, quadratic norm constraints, and many other nonlinear convex optimization problems can be reformulated as SOCPs [24] .
The objective function (1) minimizes the total expected expansion planning cost, which consists of three parts: 1) the fixed cost (FC) corresponding to reinforce the existing substations, to construct new substations, and constructing circuits that connect the substations to the demand centers; 2) the variable costs (VC) related to the expected energy costs and power losses at the substations (calculated using the mean values for the demands, considering load levels and the factor to calculate the operation cost over the planning horizon); and 3) the expected energy not supplied cost (EENS) related to the penalization cost of the energy not supplied due to failure of substations and circuits. All of the terms of the objective function are multiplied by the factor in order to calculate the present value of the total expected expansion planning cost. Factor is calculated as . The objective function defined by (1) was based on the proposals presented in [5] , [10] .
Constraint (2)- (9) are logical conditions between the investment and the operational variables. Constraint (2) is a logical condition establishing that a substation can be reinforced from substation type to if that substation has already been constructed or reinforced as type . Similarly, (3) guarantees that a substation of type can be in operation if that substation has already been constructed or reinforced as type . A circuit can be in operation if it has already been constructed according to its corresponding circuit type, as shown in (4). Additionally, a circuit must be in operation if its demand center is active (5), fact identified by parameter . Specifically, (6)-(9) limit the selection of an investment or operation variable for just one type for substations and circuits. Constraints (6) and (7) establish that, for a given stage, a substation can only be constructed/reinforced and operated using a certain substation type. In the same way, (8) and (9) guarantee that, for a given stage, a circuit connecting a substation and a load center can only be constructed and operated using a certain circuit type.
The expected power generated by a substation is limited by (10), according to the maximum capacity of each substation type and the corresponding operation variable. That generated power is calculated for each load level considering power losses in the circuits, as shown in (11) . Constraint (12) is a chance constraint for the generated power at the maximum load level (assumed as ). Considering the stochastic behavior of the loads, this chance constraint guarantees that the probability of satisfying the capacity of a substation is above a defined probability (robustness probability related to the robustness parameter ).
The maximum voltage magnitude drop and the current magnitude limits in the circuits are represented by (13) and (14), respectively; both equations include the power losses in the circuits. The binary nature of the decision variables is represented by (15) (20) , as shown in Appendix A. This constraint takes into account the expected power generated, the variation of demand at the load centers, and the power limits of the substation in operation. As described in the Appendix, the function represents the normalized Z-value corresponding to the area under the normal distribution curve for the percentile :
In order to specifically obtain a mixed-integer second-order cone programming model for the robust multi-stage substation expansion planning problem, (20) is substituted by (21)- (25) . Constraint (23) is a second-order cone constraint that establishes a relationship between the capacity of a substation, and the mean and the variation of the demand on that substation:
Thus, the mixed-integer second-order cone programming model for the robust multi-stage substation expansion planning problem is defined by (1)- (11), (13)- (19) , and (21)- (25) . By including (21)- (25), the proposed model is a robust formulation for the optimal expansion of substations considering the stochastic nature of the loads. This optimization model can be solved using classical optimization techniques that guarantee the optimal solution for this convex problem.
B. Multi-Objective Formulation for the Substation Expansion Planning Problem
The model presented above minimizes the costs related to substation expansion planning, while satisfying the substation capacity limits within a given probability, as defined by the robustness parameter . Within this context, a multi-objective formulation for the substation expansion planning problem can be defined by considering two different and conflicting objectives: the total expected expansion planning cost and the robustness probability related to the violation of the substation capacity limits . In effect, if the distribution system operator wants to improve the robustness of the expansion plan (reduce the value of ), the investment cost will increase.
The multi-objective formulation can be written as show in (26)- (28): (26) (27) (28) This mathematical formulation for the multi-objective substation expansion planning problem can be solved by increasing the value of the robustness parameter in order to generate solutions that satisfy the substation capacity constraints with greater probability. Therefore, the Pareto front for this multi-objective formulation can be generated by successively solving the mixed-integer second-order cone programming model and setting the robustness parameter as described in the following procedure: 1) Let %, which implies (i.e., consider deterministic loads by using their mean values). Let . I  SUBSTATION TYPES   TABLE II  CIRCUIT TYPES 2) Solve the robust multi-stage substation expansion planning problem as defined by (1)- (11), (13)- (19), and (21)- (25) to obtain the th Pareto front solution. If the problem is feasible, go to step 3. Otherwise exit. 3) Evaluate the solution obtained using Monte Carlo simulations, and calculate objective function .
4) Let
, set %, and return to step 2. The Monte Carlo simulation mentioned in Step 3 of the above procedure uses the solution obtained in Step 2 and generates load profiles considering the probability parameters of the loads (mean value and standard deviation). The operation of the system is evaluated for each load profile in order to establish if there has been a violation of the substation capacities. After a determined number of iterations, the probability of satisfaction of the substation capacities is calculated . In this work, the Monte Carlo simulation was executed in Matlab with 100 000 iterations.
III. TESTS AND RESULTS
The proposed model was implemented in AMPL [26] and solved with CPLEX [27] using a computer with an Intel i7 4770 processor. Two test systems were used: 1) First case: test system with 4 substation nodes and 10 load centers; and 2) Second case: test system with 9 substation loads and 65 load centers, which was based on the system presented in [10] .
A. First Case
The proposed model was tested using a distribution system with 4 substation nodes and 10 load centers. For this test system, there were three substation types and two circuit types, as shown in Tables I and II. It cost to reinforce substation type 1 to type 2, to reinforce substation type 1 to type 3, and to reinforce substation type 2 to type 3. At the beginning of the planning horizon, there was a substation of type at node .
The nominal voltage magnitude of the system was 15 kV, while the maximum voltage magnitude drop was 10%. The investment interest rate was 10%. In addition, it was assumed that the power factor of the loads was 0.90. Parameter was 0.5 failures/year, was 5 h, was 0.1 failures/year/km, was 3 h, and was /MWh. Three planning stages were considered, each with a duration of 5 years. The parameters related to the conductor types are shown in Table II .
There were three load levels, and the parameters related to the load levels are presented in Table III . The nominal loads are presented in Table IV . It was assumed that the loads followed Three tests were carried out. The first test found the solution for the multi-stage SEP problem considering deterministic demands (Base SEP), represented by (1)- (11), and (13)- (19) , i.e., (21)- (25) were disregarded. The second test found the solution for the robust multi-stage SEP problem (Robust SEP 10%) considering stochastic demands, as presented in Section II-A. For the second case, the robustness parameter used for the capacity constraint of the substations was 10%, so the factor was 1.282. This robustness parameter ensured that the substation capacity constraint was satisfied with a probability of at least 90%. The third test found the solution for the robust multi-stage SEP problem (Robust SEP 5%) considering a robustness parameter equal to 5% (the factor was 1.645). A summary of the tests is presented in Table V . The solutions found for each test are shown in Figs. 1-3 .
The substation investment cost for the Base SEP solution was $3.535 million, while for the Robust SEP 10% solution it was $3.723 million (about 5% higher). The substation investment cost for the Robust SEP 5% solution was $4.031 million, about 14% higher than the corresponding value for the Base SEP solution. The additional investments carried out in the robust solutions guarantee that the capacities of the substations will be sufficient to meet the demand requirements within the constraints defined by the robustness factor.
In the Base SEP solution, substations were built at nodes 1, 2, and 4. Substation was reinforced in Stage 1, while was reinforced in Stages 2 and 3. There was no need to construct substation before Stage 2, but that substation was then reinforced in Stage 3. Note that load centers without demand in a given stage were not connected, i.e., they were only connected when needed in order to reduce investment costs.
In the Robust SEP 10% solution, three substations were constructed: and in the first stage and in the second stage. These substations were also reinforced. The main differences between this solution and the Base SEP solution were that substation was constructed instead of substation , and for Stage 2, the sum of the substation capacities was 60 MVA, rather than 50 MVA, in order to satisfy the capacity limits of the substations considering stochastic demands.
The Robust SEP 5% solution was similar to the Robust SEP 10% solution. The only difference was that in the Robust SEP 5% solution, substation was reinforced at Stage 3 (achieving a substation capacity of 80 MVA rather than 70 MVA) in order to guarantee that the capacity constraint of this substation is satisfied with greater probability.
In order to evaluate the robustness of the substation capacity constraints of the solutions, Monte Carlo simulations were carried out considering the normal distribution of the stochastic loads. Table VI shows the percentage of iterations in which the capacity constraints of a substations were violated. The fault percentages obtained through the Monte Carlo simulations indicated that the Base SEP had the worst performance, but the lowest cost. The robust solutions, however, limited the fault percentage according to the related robustness parameter, but had increased investment costs. Note that the solution for the Robust Using the multi-objective formulation for the substation expansion planning problem, the non-dominated solutions of the Pareto front were generated, while controlling the robustness parameter using the procedure presented in Section II-B. The total expected expansion costs and robustness parameters related to several solutions are shown in Table VII . The results obtained indicate that the proposed method can provide a set of non-dominated solutions for the substation expansion planning problem, which allows the distribution system operator to select a suitable proposal that considers expansion cost, as well as the robustness of the solution.
The Pareto front for the multi-objective substation expansion planning problem is shown in Fig. 4 (the solutions were connected with dashed lines to facilitate the visualization of the front). This figure illustrates that the objectives defined by and (i.e., the total expected expansion planning cost and the robustness of the expansion plan) are in conflict, since improving the robustness of the expansion plan requires a corresponding increase in investment. Based on the Pareto front, the distribution system planner can select the more suitable solution according to the design criteria of the electrical utility. So, if the electrical utility wants to increase the robustness of the substation expansion plan, the Pareto front makes it possible to determine the increase in investment cost in order to obtain the required level of robustness.
B. Second Case
The second test system has 9 substation nodes and 65 load centers, and the planning is made up of 6 stages over 1 year. This test system is based on the case presented in [10] . The substations at nodes 1 to 5 are existing substations (with capacities of 90, 60, 30, 30, and 30 MVA, respectively), while nodes 6 to 9 are candidate substations. Unlike the case in [10] , the energy cost for the base load level is the same for all substations (30 $/MWh).
For this case, the solution with the lowest cost found by the proposed method built 4 candidate substations. The service areas for each substation are shown in Table VIII . This solution had a cost of $249.561 million, and the cost of substations and feeders were $3.337 million and $3.585 million, respectively.
On the other hand, the solution where equals 2.6% had a cost of $250.562 million. The investments in substations and feeders for this solution were $4.589 million and $3.423 million, respectively, which corresponds to a 15.7% increase in the investment cost. The main difference in this solution, compared to the lowest cost solution, is that substations at nodes 6 and 7 were constructed with larger capacities in order to achieve a more robust configuration of the substations.
The multi-objective formulation was applied for this case in order to get a set of non-dominated solutions. The Pareto front obtained for the multi-objective substation expansion planning problem for the second case is shown in Fig. 5 and the total expected expansion costs and robustness parameters related to the solutions are shown in Table IX . The capacity of each substation for the second case is shown in Table X . All solutions found built new substations, rather than expanding the capacity of the existing substations, except for the solution with the best robustness probability, which reinforced the substations at nodes 2 and 3. The results show that the combined capacity of the substations increased as the value of decreased, i.e., as the robustness of the solution increased.
IV. CONCLUSION
A novel mixed-integer second-order cone programming model for the robust multi-stage substation expansion planning problem considering stochastic demand was presented. The proposed formulation defines the substation expansion alternatives (the construction of new substations and the reinforcement of existing substations) and determines the service area of the substations.
The multi-stage representation allows the distribution system operator to coordinate the substation investments throughout several stages within a planning horizon. The developed mathematical model is robust and considers the effect of stochastic loads on the capacity limits of the substations. Chance constraints were developed in order to guarantee that the substation capacity limits are satisfied with a given robustness probability.
A multi-objective formulation for the substation expansion planning problem was developed considering the investment cost and the robustness of the expansion plan as conflicting objectives. It was proposed a procedure that makes it possible to generate the Pareto front for the problem. The solutions for the substation expansion planning problem for the test cases were found using commercial solvers. The optimal solution of the proposed mixed-integer second-order cone programming model is guaranteed by the classical optimization techniques employed.
Results found for the test systems demonstrated the efficiency and the robustness of the proposed mathematical formulation. The multi-objective representation of the substation expansion planning problem can be used by distribution system operators to choose a suitable solution that considers both the expansion cost and the robustness of the expansion solution. 
If
has random coefficients such that its rows follow a normal distribution probability with mean and covariance matrix , then a chance constrained linear programming model can be formulated as shown in (31)-(32)(see [25] ):
(31) (32)
A solution for this problem is -reliable if it satisfies (32). The difference between (29)-(30) and (31)-(32) is that, in the second formulation, the constraints are modeled as chance constraints, that is, the constraints must be satisfied within a pre-established probability defined by the robustness parameter . Assuming that there is no correlation between the rows of matrix A, (32) can be written as (33):
(33)
In [25] , it is demonstrated that (33) can be represented as the second-order cone constraint (34) 
